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n R
n Sn−1

R
n

1

R
n

‖u‖L∞(Rn) ≤ Cn,s‖u‖Hs(Rn) (1.1)

s ∈
(n
2
,+∞

)
, Hs = (1−Δ)−

s
2L2(Rn) = {u ∈ L2; (1−Δ)

s
2u ∈ L2},

‖u‖Hs = ‖(1−Δ)
s
2u‖2 = ‖F−1(1 + | · |2) s

2Fu‖2 = ‖(1 + | · |2) s
2 û‖2,

(Fu)(ξ) = û(ξ) = (2π)−
n
2

∫
Rn

exp(−ix · ξ)u(x)dx

Cn,s n s (1.1)

‖u‖∞ = ‖F−1û‖∞ ≤ (2π)−
n
2

(∫
Rn

(1 + |ξ|2)−sdξ
) 1

2‖u‖Hs (1.2)

Cn,s

Cn,s = (2π)−
n
2

(∫
Rn

(1 + |ξ|2)−sdξ
) 1

2
= (2π)−

n
2

(
σn−1

∫ +∞

0

rn−1(1 + r2)−sdr
)− 1

2

s ∈
(n
2
,+∞

)
Cn,s ↑ +∞(s ↓ n

2
) σn−1

Sn−1 σ(Sn−1) Γ

σn−1 =
2π

n
2

Γ
(
n
2

) (1.3)

m
n

2
< m ≤ n

2
+ 1 m =

[n
2

]
+ 1

m ≥ n

2
+

1

2∫ ∞

0

rn−1(1 + r2)−mdr ≤
∫ ∞

0

(1 + r2)
n−1
2

−mdr ≤
∫ ∞

0

(1 + r2)−1dr =
π

2
(1.4)
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‖u‖2Hm =

∫
(1 + |ξ|2)m|û(ξ)|2dξ

≤ 2m−1

∫
(|ξ|2m + 1)|û(ξ)|2dξ = 2m−1

(‖|ξ|mû‖22 + ‖u‖22
)
, (1.5)

‖|ξ|mû‖22 =
∫

|ξ|2m|û(ξ)|2dξ

=
∑
|α|=m

m!

α!

∫
ξ2α|û(ξ)|2dξ

=
∑
|α|=m

m!

α!

∫
|∂αu(x)|2dx =

∑
|α|=m

m!

α!
‖∂αu‖22 (1.6)

(1.2)-(1.6)

‖u‖2∞ ≤ (2π)−n · σn−1 · π
2
· 2m−1

( ∑
|α|=m

m!

α!
‖∂αu‖22 + ‖u‖22

)

=
2−n+m−1π−n

2
+1

Γ
(
n
2

) ( ∑
|α|=m

m!

α!
‖∂αu‖22 + ‖u‖22

)

≤ n(n+ 2)

2
n
2
+2π

n
2
−1

( ∑
|α|=m

‖∂αu‖22 + ‖u‖22
)
≤ n(n+ 2)

2
n
2
+2π

n
2
−1

( ∑
|α|=m

‖∂αu‖2 + ‖u‖2
)2

‖u‖2∞ ≤
∑
|α|=m

‖∂αu‖22 + ‖u‖22, (1.7)

‖u‖∞ ≤
∑
|α|=m

‖∂αu‖2 + ‖u‖2 (1.8)

m! = Γ(m+1) ≤ Γ
(n
2
+2

)
=

(n
2
+1

)n
2
Γ
(n
2

)
n(n+2) ≤ 4

π
(2π)

n
2 (∀n ≥

1) 2n+ 3 ≤ 4

π
(2π)

n
2 (∀n ≥ 2) n

2

Sn−1 = {ξ ∈ R
n; |ξ| = 1}

σ (1.3) σ(Sn−1) = σn−1 1 ≤ j < k ≤ n

j, k ∈ Z

Ljk = xj∂k − xk∂j

xjxk

(1.7)

‖u‖2L∞(Sn−1) ≤ Cn

∑
|α|≤(n+1)/2

‖Lαu‖2L2(Sn−1) (2.1)
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α ∈ Z
n(n−1)/2
≥0 Lα

Lα = Lα1
12 · · ·Lαn−1

1n Lαn
23 · · ·Lα2n−3

2n · · ·Lαn(n−1)/2

n−1,n

ω ∈ Sn−1 TωS
n−1 (Ljk; 1 ≤ j < k ≤ n)

(1.7) |α| = m ≤ n

2
+ 1

1

2
dim(Sn−1) + 1 =

n+ 1

2
C∞(Rn \ {0})

∂j =
xj

|x|∂r −
n∑

k=1

xk

|x|Ljk, ∂r =
n∑

k=1

xk

|x|∂k

C∞(Sn−1)

∂j
∣∣C∞(Sn−1) = −

n∑
k=1

ωjLjk

∣∣C∞(Sn−1)

(2.1)
(2.1)

3 1

u ∈ C∞(S1) u ∈ C∞(Rn) R 
 θ �→ (cos θ, sin θ) ∈ R
2

2π |u|2 = uū : [0, 2π] 
 θ → |u(cos θ, sin θ)|2 ∈ R

|u|2(cos θ, sin θ) =
∑
n∈Z

ane
inθ, an =

1

2π

∫ 2π

0

|u|2(cos θ, sin θ)e−inθdθ

u�(θ) = u(cos θ, sin θ)

|u(cos θ, sin θ)|2 = a0 +
∑

n∈Z\{0}
ane

inθ

≤ |a0|+
( ∑
n∈Z\{0}

1

n2

)1/2( ∑
n∈Z\{0}

n2|an|2
)1/2

≤ 1

2π

∫ 2π

0

|u�|2 +
(π2

3

)1/2( ∑
n∈Z\{0}

∣∣∣ 1
2π

∫ 2π

0

∂θ|u�|2e−inθdθ
∣∣∣2)1/2

≤ 1

2π

∫ 2π

0

|u�|2 + 2
(π2

3

)1/2

‖u�‖L∞(0,2π)‖∂θu�‖L2(0,2π)

≤ 1

2π
‖u�‖2L2(0,2π) +

1

2
‖u�‖2L∞(0,2π) +

2π2

3
‖∂θu�‖2L2(0,2π)

‖u�‖2L∞(0,2π) ≤
1

π
‖u�‖2L2(0,2π) +

4π2

3
‖∂θu�‖2L2(0,2π)
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∂θu
�(θ) = − sin θ(∂1u)(cos θ, sin θ) + cos θ(∂2u)(cos θ, sin θ)

= (L12u)(cos θ, sin θ) = (L12u)
�(θ)

‖u‖2L∞(S1) ≤
1

π
‖u‖2L2(S1) +

4π2

3
‖L12u‖2L2(S1)

n = 2 C2 =
4π2

3
(2.1)

4 2

3 2 S2 = {ξ ∈ R
3; |ξ| = 1} S2

± :=

{(ξ1, ξ2, ξ3) ∈ S2; ±ξ3 ≥ 0} S2 = S2
+ ∪ S2

−

N := (0, 0, 1) ∈ S2
+, S = (0, 0,−1) ∈ S2

−,

S2
+ ∩ S2

− = S2 ∩ (R2 × {0}) = {(ξ1, ξ2, 0) ∈ R
3; ξ21 + ξ22 = 1}

πN : R2 → S2 \ {N}, πS : R2 → S2 \ {S}

πN(t, s) :=
( 2t

1 + t2 + s2
,

2s

1 + t2 + s2
,−1− t2 − s2

1 + t2 + s2

)
, (4.1)

πS(t, s) :=
( 2t

1 + t2 + s2
,

2s

1 + t2 + s2
,
1− t2 − s2

1 + t2 + s2

)
(4.2)

πN

∣∣B(0; 1) : B(0; 1) → S2
− πS

∣∣B(0; 1) : B(0; 1) → S2
+

(ρ, θ) ∈ [0, 1]× [0, 2π)

πN(ρ cos θ, ρ sin θ) =
( 2ρ

1 + ρ2
cos θ,

2ρ

1 + ρ2
sin θ, −1− ρ2

1 + ρ2

)
, (4.3)

πS(ρ cos θ, ρ sin θ) =
( 2ρ

1 + ρ2
cos θ,

2ρ

1 + ρ2
sin θ,

1− ρ2

1 + ρ2

)
(4.4)

πN(0, 0) = (0, 0,−1) = S, πS(0, 0) = (0, 0,−1) = N,

πN(∂B(0; ρ)) = ∂B
(
0;

2ρ

1 + ρ2

)
×

{
−1− ρ2

1 + ρ2

}
,

πS(∂B(0; ρ)) = ∂B
(
0;

2ρ

1 + ρ2

)
×

{1− ρ2

1 + ρ2

}
,

πN(cos θ, sin θ) = πS(cos θ, sin θ) = (cos θ, sin θ, 0)
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u ∈ C∞(R3) πN πS π∗
Nu, π

∗
Su ∈ C∞(R2)

∂1(π
∗
Nu)(t, s) = ∂t(π

∗
Nu)(t, s)

= ∂t

( 2t

1 + t2 + s2

)
π∗
N∂1u+ ∂t

( 2s

1 + t2 + s2

)
π∗
N∂2u− ∂t

(1− t2 − s2

1 + t2 + s2

)
π∗
N∂3u

=
2(1− t2 − s2) + 4s2

(1 + t2 + s2)2
π∗
N∂1u− 4ts

1 + t2 + s2)2
π∗
N∂2u+

4t

(1 + t2 + s2)2
π∗
N∂3u

=
2

1 + t2 + s2

(1− t2 − s2

1 + t2 + s2
π∗
N∂1u+

2t

1 + t2 + s2
π∗
N∂3u

)
+

2s

1 + t2 + s2

( 2s

1 + t2 + s2
π∗
N∂1u− 2t

1 + t2 + s2
π∗
N∂2u

)
=

2

1 + t2 + s2
π∗
NL13u− 2s

1 + t2 + s2
π∗
NL12u

= π∗
N(L13u− x3L13u− x2L12u)(t, s), (4.5)

∂2(π
∗
Nu)(t, s) = ∂s(π

∗
Nu)(t, s)

= ∂s

( 2t

1 + t2 + s2

)
π∗
N∂1u+ ∂s

( 2s

1 + t2 + s2

)
π∗
N∂2u− ∂s

(1− t2 − s2

1 + t2 + s2

)
π∗
N∂3u

= − 4ts

(1 + t2 + s2)2
π∗
N∂1u+

2(1− t2 − s2) + 4t2

1 + t2 + s2)2
π∗
N∂2u+

4s

(1 + t2 + s2)2
π∗
N∂3u

=
2

1 + t2 + s2

(1− t2 − s2

1 + t2 + s2
π∗
N∂2u+

2s

1 + t2 + s2
π∗
N∂3u

)
+

2t

1 + t2 + s2

( 2t

1 + t2 + s2
π∗
N∂2u− 2s

1 + t2 + s2
π∗
N∂1u

)
=

2

1 + t2 + s2
π∗
NL23u+

2t

1 + t2 + s2
π∗
NL12u

= π∗
N(L23u− x3L23u+ x1L12u), (4.6)

∂1(π
∗
Su)(t, s) = ∂t(π

∗
Su)(t, s)

=
2

1 + t2 + s2

(1− t2 − s2

1 + t2 + s2
π∗
S∂1u− 2t

1 + t2 + s2
π∗
S∂3u

)
+

2t

1 + t2 + s2

( 2s

1 + t2 + s2
π∗
S∂1u− 2t

1 + t2 + s2
π∗
S∂2u

)
= − 2

1 + t2 + s2
π∗
SL13u− 2s

1 + t2 + s2
π∗
SL12u

= π∗
S(−L13u− x3L13u− x1L12u), (4.7)

∂2(π
∗
Su)(t, s) = ∂s(π

∗
Su)(t, s)

=
2

1 + t2 + s2

(1− t2 − s2

1 + t2 + s2
π∗
S∂1u− 2s

1 + t2 + s2
π∗
S∂3u

)
+

2t

1 + t2 + s2

( 2t

1 + t2 + s2
π∗
S∂2u− 2s

1 + t2 + s2
π∗
S∂1u

)
= − 2

1 + t2 + s2
π∗
SL23u− 2t

1 + t2 + s2
π∗
SL12u

= π∗
S(−L23u− x3L23u+ x1L12u) (4.8)
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(π∗
N(1− x3))(t, s) = (π∗

S(1 + x3))(t, s) =
2

1 + t2 + s2
π∗
Nu π∗

Su

|∂1(π∗
Nu)(t, s)|+ |∂2(π∗

Nu)(t, s)|

≤ 2

1 + t2 + s2
(|(π∗

NL13u)(t, s)|+ |(π∗
NL23u)(t, s)|) + 2(|t|+ |s|)

1 + t2 + s2
|(π∗

NL12u)(t, s)|, (4.9)

|∂1(π∗
Su)(t, s)|+ |∂2(π∗

Su)(t, s)|

≤ 2

1 + t2 + s2
(|(π∗

SL13u)(t, s)|+ |(π∗
SL23u)(t, s)|) + 2(|t|+ |s|)

1 + t2 + s2
|(π∗

SL12u)(t, s)| (4.10)

(4.5)-(4.8) π∗
Nu, π∗

Su

∂2
1π

∗
Nu = ∂1(π

∗
N((1− x3)L13u− x2L12u))

= π∗
N ((1− x3)L13 ((1− x3)L13u− x2L12u)− x2L12 ((1− x3)L13u− x2L12u))

= π∗
N((1− x3)

2L2
13u− x1(1− x3)L13u− x2(1− x3)(L12L13u+ L23u)

− x2(1− x3)L12L13u+ x2
2L

2
12u+ x1x2L12u)

= π∗
N((1− x3)

2L2
13u− 2x2(1− x3)L12L13u+ x2

2L
2
12u

+ x1x2L12u− x1(1− x3)L13u− x2(1− x3)L23u), (4.11)

∂1∂2π
∗
Nu = ∂1(π

∗
N((1− x3)L23u+ x1L12u))

= π∗
N ((1− x3)L13 ((1− x3)L23u+ x1L12u)− x2L12 ((1− x3)L23u+ x1L12u))

= π∗
N((1− x3)

2L13L23u− x1(1− x3)L23u+ x1(1− x3)(L12L13u+ L23u)− x3(1− x3)L12u

− x2(1− x3)L12L23u− x1x2L
2
12u+ x2

2L12u)

= π∗
N((1− x3)

2L13L23u+ x1(1− x3)L12L13u− x2(1− x3)L12L13u− x1x2L
2
12u

+ (x2
2 − x3(1− x3))L12u), (4.12)

∂2
2π

∗
Nu = ∂2(π

∗
N((1− x3)L23u+ x1L12u))

= π∗
N ((1− x3)L23 ((1− x3)L23u+ x1L12u) + x1L12 ((1− x3)L23u+ x1L12u))

= π∗
N((1− x3)

2L2
23u− x2(1− x3)L23u+ x1(1− x3)(L12L23u− L13u)

+ x1(1− x3)L12L23u+ x2
1L

2
12u− x1x2L12u)

= π∗
N((1− x3)

2L2
23u+ 2x1(1− x3)L12L13u+ x2

1L
2
12u

− x1x2L12u− x1(1− x3)L13u− x2(1− x3)L23u), (4.13)

∂2
1(π

∗
Su) = ∂1(π

∗
S(−(1 + x3)L13u− x2L12u))

= π∗
S ((1 + x3)L13 ((1 + x3)L13u+ x2L12u) + x2L12 ((1 + x3)L13u+ x2L12u))

= π∗
S((1 + x3)

2L2
13u+ x1(1 + x3)L13u+ x2(1 + x3)(L12L13u+ L23u)

+ x2(1 + x3)(L12L13u+ x2
2L

2
12u+ x1x2L12u)

= π∗
S((1 + x3)

2L2
13u+ 2x2(1 + x3)L12L13u+ x2

2L
2
12u

+ x1x2L12u+ x1(1 + x3)L13u+ x2(1 + x3)L23u), (4.14)
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∂1∂2(π
∗
Su) = ∂1(π

∗
S(−(1 + x3)L23u+ x1L12u))

= π∗
S (−(1 + x3)L13 (−(1 + x3)L23u+ x1L12u)− x2L12 (−(1 + x3)L23u+ x1L12u))

= π∗
S((1 + x3)

2L13L23u+ x1(1 + x3)L23u− x1(1 + x3)(L12L13u+ L23u) + x3(1 + x3)L12u

− x2(1 + x3)L12L13u− x1x2L
2
12u+ x2

2L12u)

= π∗
S((1 + x3)

2L13L23u− x1(1 + x3)L12L13u− x2(1 + x3)L12L13u− x1x2L
2
12u

+ x1(1 + x3)L23u+ (x2
2 + x3(1 + x3))L12u), (4.15)

∂2
2(π

∗
Su) = ∂1(π

∗
S(−(1 + x3)L23u+ x1L12u))

= π∗
S (−(1 + x3)L23 (−(1 + x3)L23u+ x1L12u) + x1L12 (−(1 + x3)L23u+ x1L12u))

= π∗
S((1 + x3)

2L2
23u+ x2(1 + x3)L23u− x1(1 + x3)(L12L23u− L13u)

− x1(1 + x3)L12L23u+ x2
1L

2
12u− x1x2L12u)

= π∗
S((1 + x3)

2L2
23u− 2x1(1 + x3)L12L23u+ x2

1L
2
12u

− x1x2L12u+ x1(1 + x3)L13u+ x2(1 + x3)L23u) (4.16)

(π∗
N(1− x3))(t, s) = (π∗

S(1 + x3))(t, s) =
2

1 + t2 + s2

(4.11)-(4.15) π∗
Nu π∗

Su∑
|α|=2

|∂α(π∗
Nu)(t, s)|

≤
( 4

(1 + t2 + s2)2
+

8(|t|+ |s|)
1 + t2 + s2

+ 4(|t|+ |s|)2
) ∑

|α|=2

|π∗
N(L

αu)(t, s)|

+
(2 + 8(|t|+ |s|)

1 + t2 + s2
+ 4(|t|+ |s|)2

) ∑
|α|=1

|π∗
N(L

αu)(t, s)|, (4.17)

∑
|α|=2

|∂α(π∗
Su)(t, s)|

≤
( 4

(1 + t2 + s2)2
+

8(|t|+ |s|)
1 + t2 + s2

+ 4(|t|+ |s|)2
) ∑

|α|=2

|π∗
S(L

αu)(t, s)|

+
(2 + 8(|t|+ |s|)

1 + t2 + s2
+ 4(|t|+ |s|)2

) ∑
|α|=1

|π∗
S(L

αu)(t, s)| (4.18)

ζ0 ∈ C∞(R) 0 ≤ ζ0 ≤ 1, supp ζ0 ⊂ (−∞, 2), ζ0(ρ) = 1(∀ρ ∈ (−∞, 1])

ζ ∈ C∞
0 (R2) ζ(t, s) = ζ0(

√
t2 + s2) supp ζ ⊂ {(t, s) ∈ R

2; t2+s2 <

4} (t, s) ∈ supp ζ 1 ≤ 5

1 + t2 + s2
ζπ∗

N : L2(S2) → L2(R2)
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‖ζπ∗
Nu‖2L2(R2) ≤

∫∫
B(0;2)

|(π∗
Nu)(t, s)|2 dtds

≤ 25

4

∫∫
R2

|(π∗
Nu)(t, s)|2

4

(1 + t2 + s2)
dtds =

25

4
‖u‖2L2(S2), (4.19)

‖ζπ∗
Su‖2L2(R2) ≤

25

4

∫∫
R2

|(π∗
Su)(t, s)|2

4

(1 + t2 + s2)
dtds =

25

4
‖u‖2L2(S2) (4.20)

(4.9),(4.10) (4.17),(4.18)∑
|α|=2

‖∂α(ζπ∗
Nu)‖2L2(R2)

≤C
∑
|α|=2

‖ζ∂α(π∗
Nu)‖2L2(R2) + C

(
‖ζ ′0‖2L∞(R) + ‖ζ ′′

0 ‖2L∞(R)

) ∑
1≤|α|≤2

∫∫
B(0;2)

|∂α(π∗
Nu)(t, s)|2dtds

≤C
∑
|α|=2

‖Lαu‖2L2(S2) + C
2∑

j=1

‖ζ(j)0 ‖2L∞(R)

∑
1≤|α|≤2

‖Lαu‖2L2(S2), (4.21)

∑
|α|=2

‖∂α(ζπ∗
Su)‖2L2(R2)

≤C
∑
|α|=2

‖Lαu‖2L2(S2) + C
2∑

j=1

‖ζ(j)0 ‖2L∞(R)

∑
1≤|α|≤2

‖Lαu‖2L2(S2) (4.22)

m = n = 2 (1.8) (4.19)-(4.22)

‖u‖L∞(S2
−) = ‖π∗

Nu‖L∞(B(0;1)) ≤ ‖ζπ∗
Nu‖L∞(R2)

≤
∑
|α|=2

‖∂α(ζπ∗
Nu)‖L2(R2) + ‖ζπ∗

Nu‖L2(R2)

≤ C
∑
|α|≤2

‖Lαu‖L2(S2), (4.23)

‖u‖L∞(S2
+) = ‖π∗

Su‖L∞(B(0;1)) ≤ ‖ζπ∗
Su‖L∞(R2)

≤
∑
|α|=2

‖∂α(ζπ∗
Su)‖L2(R2) + ‖ζπ∗

Su‖L2(R2)

≤ C
∑
|α|≤2

‖Lαu‖L2(S2) (4.24)

n = 3 (2.1) (4.23)(4.24) ‖u‖L∞(S2) = max(‖u‖L∞(S2
+), ‖u‖L∞(S2

−))

5 3

3 n (n−1)- Sn−1 = {ξ ∈ R
n; |ξ| =

1} Sn−1
± = {(ξ1, · · · , ξn) ∈ Sn−1; ±ξn ≥ 0} Sn−1 = Sn−1

+ ∪ Sn−1
−

8



N := (0, · · · , 0, 1) ∈ Sn−1
+ , S := (0, · · · , 0,−1) ∈ Sn−1

− ,

Sn−1
+ ∩ Sn−1

− = Sn−1 ∩ (Rn−1 × {0}) = {(ξ1, · · · , ξn−1, 0) ∈ R
n; ξ21 + · · ·+ ξ2n−1 = 1}

πN : Rn−1 → Sn−1 \ {N}, πS : Rn−1 → Sn−1 \ {S}

πN(x
′) =

( 2x′

1 + |x′|2 , −1− |x′|2
1 + |x′|2

)
, (5.1)

πS(x
′) =

( 2x′

1 + |x′|2 ,
1− |x′|2
1 + |x′|2

)
(5.2)

x′ = (x1, · · · , xn−1), |x′|2 =
n−1∑
j=1

x2
j

πN

∣∣B(0; 1) : B(0; 1) → Sn−1
− πS

∣∣B(0; 1) : B(0; 1) → Sn−1
+

(ρ, ω′) ∈ [0, 1]× Sn−2

πN(ρω
′) =

( 2ρ

1 + ρ2
ω′, −1− ρ2

1 + ρ2

)
, (5.3)

πS(ρω
′) =

( 2ρ

1 + ρ2
ω′,

1− ρ2

1 + ρ2

)
(5.4)

πN(0) = S, πS(0) = N, πN(∂B(0; ρ)) = ∂B
(
0;

2ρ

1 + ρ2

)
×

{
−1− ρ2

1 + ρ2

}
,

πS(∂B(0; ρ)) = ∂B
(
0;

2ρ

1 + ρ2

)
×
{1− ρ2

1 + ρ2

}
, πN(ω

′) = πS(ω
′) = (ω′, 0)

u ∈ C∞(Rn) πN πS π∗
Nu, π∗

Su ∈ C∞(Rn−1)

j ∈ {1, · · · , n− 1}

∂j(π
∗
Nu)(x

′) =
n−1∑
k=1

∂j

( 2xk

1 + |x′|2
)
(π∗

N∂ku)(x
′)− ∂j

(1− |x′|2
1 + |x′|2

)
(π∗

N∂nu)(x
′)

=
n−1∑
k=1

( 2δjk
1 + |x′| −

4xjxk

(1 + |x′|2)2
)
π∗
N∂ku+

4xj

(1 + |x′|)2π
∗
N∂nu

=

(
2(1− |x′|2)
(1 + |x′|2)2 +

∑
1≤k≤n−1

k �=j

4x2
k

(1 + |x′|2)2
)
π∗
N∂ju−

∑
1≤k≤n−1

k �=j

4xjxk

(1 + |x′|2)2π
∗
N∂ku+

4xjxk

(1 + |x′|2)2π
∗
N∂nu

=
2

1 + |x′|2
(1− |x′|2
1 + |x′|2π

∗
N∂ju+

2xj

1 + |x′|2π
∗
N∂nu

)
+

∑
1≤k≤n−1

k �=j

2xk

1 + |x′|2
( 2xk

1 + |x′|2π
∗
N∂ju− 2xj

1 + |x′|2π
∗
N∂ku

)

=
2

1 + |x′|2π
∗
NLjnu+

n−1∑
k=1

2xk

1 + |x′|2π
∗
NLkju

= π∗
N

(
−xnLjnu+ Ljnu−

n−1∑
k=1

xkLjku
)

= π∗
N

(
Ljnu−

n∑
k=1

xkLjku
)
= π∗

N

(
Ljnu+

j−1∑
k=1

xkLkju−
n∑

k=j+1

xkLkju
)
, (5.5)

9



∂j(π
∗
Su)(x

′)

=
n∑

k=1

( 2δjk
1 + |x′|2 − 4xjxk

(1 + |x′|2)2
)
π∗
S∂ku− 4xj

(1 + |x′|2)2π
∗
S∂nu

= − 2

1 + |x′|2π
∗
SLjnu+

n−1∑
k=1

2xk

1 + |x′|2π
∗
SLkju

= π∗
S

(
−xnLjnu− Ljnu−

n−1∑
k=1

xkLjku
)

= π∗
S

(
−Ljnu−

n−1∑
k=1

xkLjku
)
= π∗

N

(
−Ljnu+

j−1∑
k=1

xkLkju−
n∑

k=j+1

xkLjku
)

(5.6)

(5.6) (5.6) π∗
Nu π∗

Su
n∑

j=1

|∂j(π∗
Nu)(x

′)| ≤
n∑

j=1

|(π∗
NLjnu)(x

′)|+
∑

1≤j<k≤n

4|xj|
1 + |x′|2 |(π

∗
NLjk)(x

′)|, (5.7)

n∑
j=1

|∂j(π∗
Su)(x

′)| ≤
n∑

j=1

|(π∗
SLjnu)(x

′)|+
∑

1≤j<k≤n

4|xj|
1 + |x′|2 |(π

∗
SLjk)(x

′)| (5.8)

m |α| = m

∂α(π∗
Nu) = π∗

N

( ∑
|β|≤m

1≤|γ|≤m

Cβ,γx
βLγu

)
, (5.9)

∂α(π∗
Su) = π∗

S

( ∑
|β|≤m

1≤|γ|≤m

C ′
β,γx

βLγu

)
(5.10)

(5.9) (5.10)∑
|α|=m

|∂α(π∗
Nu)(x

′)| ≤ C(1 + |x′|m)
∑

1≤|γ|≤m

|(π∗
NL

γu(x′)|, (5.11)

∑
|α|=m

|∂α(π∗
Su)(x

′)| ≤ C(1 + |x′|m)
∑

1≤|γ|≤m

|(π∗
SL

γu(x′)| (5.12)

ζ0 ∈ C∞(R) ζ ∈ C∞
0 (Rn−1) ζ(x′) = ζ0(|x′|)

suppζ ⊂ B(0; 2) x′ ∈ suppζ 1 ≤ 5

1 + |x′|2 (4.18) (4.19)

‖ζπ∗
Nu‖2L2(Rn−1) ≤

∫
B(0;2)

|(π∗
Nu)(x

′)|2dx′

≤
(5
2

)n−1
∫
Rn−1

|(π∗
Nu)(x

′)|2
( 2

1 + |x′|2
)n−1

dx′ =
(5
2

)n−1

‖u‖2L2(Sn−1), (5.13)

‖ζπ∗
Su‖2L2(Rn−1) ≤

(5
2

)n−1
∫
Rn−1

|(π∗
Su)(x

′)|2
( 2

1 + |x′|2
)n−1

dx′ =
(5
2

)n−1

‖u‖2L2(Sn−1) (5.14)
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(5.9) (5.10) (5.1) (5.12)∑
|α|=m

‖∂α(ζπ∗
Nu)‖2L2(Rn−1)

≤ C
∑
|α|=m

‖ζ∂α(π∗
Nu)‖2L2(Rn−1) + C

m∑
j=1

‖ζ(j)0 ‖2L∞(R)

∑
1≤|α|≤m

∫
B(0;2)

|∂α(ζπ∗
Nu)(x

′)|2dx′

≤ C
∑
|α|=m

‖Lαu‖2L2(Sn−1) + C
m∑
j=1

‖ζ(j)0 ‖2L∞(R)

∑
1≤|α|≤m

‖Lαu‖2L2(Sn−1), (5.15)

∑
|α|=m

‖∂α(ζπ∗
Su)‖2L2(Rn−1)

≤ C
∑
|α|=m

‖Lαu‖2L2(Sn−1) + C
m∑
j=1

‖ζ(j)0 ‖2L∞(R)

∑
1≤|α|≤m

‖Lαu‖2L2(Sn−1) (5.16)

m =
[n
2

]
+ 1, n ≤ 2 (1.8) (5.13) (5.16)

‖u‖L∞(Sn−1
− ) = ‖π∗

Nu‖L∞(B(0;1)) ≤ ‖ζπ∗
Nu‖L∞(Rn−1)

≤
∑
|α|=m

‖∂α(ζπ∗
Nu)‖L2(Rn−1) + ‖ζπ∗

Nu‖L2(Rn−1)

≤ C
∑
|α|=m

‖Lαu‖L2(Sn−1), (5.17)

‖u‖L∞(Sn−1
+ ) = ‖π∗

Su‖L∞(B(0;1)) ≤ ‖ζπ∗
Su‖L∞(Rn−1)

≤
∑
|α|=m

‖∂α(ζπ∗
Su)‖L2(Rn−1) + ‖ζπ∗

Su‖L2(Rn−1)

≤ C
∑
|α|=m

‖Lαu‖L2(Sn−1) (5.18)

(2.1)

http://www.ozawa.phys.waseda.ac.jp/pdf/unit_sphere.pdf
T. Aubin, “ Some Nonlinear Problems in Riemannian Geometry,” Springer, 1998.
L. Hörmander, “ Lectures on Nonlinear Hyperbolic Differential Equations,” Springer, 1997.
S. Klainerman, Uniform decay eatimates and the Lorentz invariance of the classical wave
equation, Comm. Pure Appl. Math., 38(1995), 321-332.
C. D. Sogge, “ Lectures on Non-Linear Wave Equations,” Second Edition, International
Press, 2013.
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